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We show that for collisions of electrons with a high-intensity laser, discrete photon emissions introduce a
transverse beam spread that is distinct from that due to classical (or beam shape) effects. Via numerical
simulations, we show that this quantum induced transverse momentum gain of the electron is manifest in
collisions with a realistic laser pulse of intensity within reach of current technology, and we propose it as a
measurable signature of strong-field quantum electrodynamics.
DOI: 10.1103/PhysRevLett.112.164801 PACS numbers: 41.60.-m, 12.20.-m, 41.75.-i
In recent years there has been steady increase in the
powers and intensities of state-of-the-art laser facilities (up to
the current record of 2 × 1022 Wcm−2 [1]). Numerous
projects are now underway to ensure that this trend con-
tinues, e.g., the Vulcan 10 PW upgrade [2], the Extreme
Light Infrastructure (ELI) Facility [3] and the XCELS
project [4], which aim to provide peak intensities of
1023 − 1025 Wcm−2. The development of such facilities
has led to a renewed interest in probing strong-field quantum
electrodynamics (QED) using high-intensity laser fields
[5,6]. Examples of QED processes of interest include
vacuum polarization, pair production and cascades (see,
e.g., Ref. [5] and references therein).
At intensities far below the onsets of these processes,
however, the basic dynamics of an accelerated particle are
strongly affected by the radiation it emits. These “radiation
reaction” effects are thus of fundamental interest. Moreover,
understanding the dynamics is key to the accurate develop-
ment of state-of-the-art QED-plasma “particle-in-cell”
(QED-PIC) simulation codes that are expected to drive
the experimental efforts [7–10].
In this Letter we study the dynamics of a beam of high
energy electrons interacting with a high-intensity laser
pulse. Specifically, we consider electron-laser collisions
in an intensity regime in which the quantum emission
effects are important, but which is below the pair produc-
tion threshold. We show that through their transverse
motion, the electron dynamics alone provide detectable
signatures of strong-field QED (see also [11,12]), and at
intensities in reach of current technology.
Understanding the radiation back reaction is one of
the most fundamental and oldest problems in electrody-
namics (see, e.g., [13–16]). The common starting point
for the classical approach is the Lorentz-Abraham-Dirac
equation, which results from the solution of the coupled
Lorentz and Maxwell’s equations [17–19]. This equation,
however, suffers from notorious defects, e.g., unphysical
runaway solutions. These can be somewhat circumvented
by introducing certain approximations to reduce the
Lorentz-Abraham-Dirac equation to a more applicable
(albeit more approximate) form. The most well known
of these is the perturbative approximation by Landau and
Lifshitz (LL) [20], valid when the radiative reaction force is
much less than the Lorentz force in the instantaneous rest
frame of the particle. It was shown to be consistent with
QED to the order of the fine structure constant α [11,21].
We note that alternative classical equations of motion do
exist (see, e.g., Refs. [22,23], and for a summary, Ref. [24]).
Regardless, the validity of classical approaches in general
decreases as the intensity increases and quantum effects
become important. Indeed, there have been a number of
studies investigating quantum effects on the dynamics of
particles in strong laser fields [12,25–27]. (For related
theoretical studies of high energy electrons in crystal systems
(see, e.g., [28–30]). The most recent of these showed, via the
use of a kinetic formalism, a broadening in the (longitudinal)
energy distribution of an electron bunch in a counterpropa-
gating laser [26] due to photon emission. In that work,
however, the authors considered a regime in which trans-
verse effects could be neglected. Expressions for the QED
tree-level amplitudes are well known [31]. In a general
collision, however, an electron will emit multiple times. At
high-intensity, multi-photon emission amplitudes are domi-
nated by multiple incoherent single-photon emissions [32].
Photon spectra for electrons in simple fields have recently
been calculated numerically [32], but for arbitrary fields this
becomes more difficult. For the latter, numerical simulations
based on strong-field QED provide an alternative approach,
which we take here. Importantly, the QED simulations also
provide a direct means of predicting the electron dynamics,
which are the subject of this paper.
We begin with a discussion of the dynamics of a classical
and quantum electron in the prototype plane-wave field.
Following this, we present results of numerical simulations
of an electron colliding with a plane-wave laser, and in a
more realistic setup, with a paraxial Gaussian laser. The
simulations implement methods similar to those used in the
benchmark QED-PIC codes [7–10]. We show that the
dynamics of electrons that emit discrete quanta are very
different to those treated classically, via, e.g., the LL equation,
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and that this leads to detectable signatures of strong-field
QED at intensities that will soon be available. Finally, we
conclude with a discussion on the relevance of the results.
Conventions.—As a test model we consider a plane-
wave field propagating in the z direction described by the
null wave vector kμ ¼ ωð1; 0; 0; 1Þ, with central frequency
ω. (Throughout we adopt natural units where ℏ ¼ c ¼ 1.)
Taking the field to be polarized in the perpendicular
direction, we introduce the polarization vector ϵ¼ð0;1;0;0Þ,
such that our basis vectors satisfy k2 ¼ k · ϵ ¼ 0, ϵ2 ¼ −1.
We define a dimensionless measure of field intensity in terms
of the peak electric field, a0 ≡ eE=mω. The electromagnetic
field tensor of the wave is taken to depend arbitrarily on the
phase ϕ≡ k · x ¼ ωðt − zÞ; FμνðϕÞ ¼ a0fðϕÞfμν, where
fμν ¼ ðkμϵν − kνϵμÞ and fðϕÞ, satisfying fð−∞Þ ¼
fð∞Þ ¼ 0, is a function describing the pulse. Finally, we
introduce the quantity Ω≡ k · u ¼ ωðu0 − u3Þ which is the
laser frequency as ‘seen’ by the electron.
Classical case.—We begin by considering a classical
electron moving in the test field. Let the initial momentum
p0 ¼ mu0 when ϕ ¼ ϕ0 ¼ −∞. The effects of radiation
reaction (RR) can be accounted for via the LL equation [20],
Ω
Ω0
dpμ
dϕ
¼ Ω−10 Fμνpν þ r0ðOðF2ÞÞ; (1)
where r0 ¼ ð2=3Þðe2Ω0=4πmÞ is the coupling of the radi-
ative correction terms. Taking r0 → 0 gives the Lorentz force
equation. Multiplying Eq. (1) by k gives [33] (see also [34]).
Ω ¼ Ω0
1þ r0a20J
; (2)
where J ≡ R ϕϕ0 dϕ0f2ðϕ0Þ. Thus we see thatΩ decreases with
time as the particle interacts with the laser. (Observe also that
in the case without RR, Ω is conserved.) For a plane-wave
field such as ours, the LL equation has recently been solved
analytically [33]. For the transverse momentum, the solution
is found to be
pLL;⊥ ¼
Ω
Ω0
ðp0;⊥ þma0I −ma0r0HÞ; (3)
where I ≡ R ϕϕ0 dϕ0fðϕ0Þ and HðϕÞ≡ fðϕÞ þ a20
R ϕ
ϕ0
dϕ0J
ðϕ0Þfðϕ0Þ. Since the pulse function fðϕÞ is symmetric
and finite, the integrals I and H taken over the entirety of
the field are zero. The net transverse momentum then
reduces to the product of the initial one, p0;⊥, and the
decaying prefactorΩ. Thus in the plane wave case a classical
particle cannot gain transverse momentum, it can only lose
it due to RR. (Without RR the net change is zero.) Note that
in a more realistic field, to be discussed later, a classical
particle can indeed gain transverse momentum. (In fact,
for the special case of a classical particle in a bichromatic
field, such a gain has been proposed as a method of
controlling the electron dynamics [35].) In the regime we
consider, however, the quantum effects dominate and are
clearly distinguishable.
Including Compton scattering.—To consider quantum
effects it is instructive to introduce the dimensionless and
invariant quantum efficiency parameter χe ≡
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðFμνpνÞ2
p
=
m2 ∼ γE=Ecr, where Ecr ¼ 1.3 × 1016 Vcm−1 is the QED
critical field (Sauter-Schwinger field) [36]. It can be
interpreted as the work done on the electron by the laser
field over the distance of a Compton wavelength. When
χe ≳ 1 quantum effects dominate and pair production can
occur. Thus in order to study quantum emission processes
(viz. Compton scattering) cleanly, as we do here, one
should be in a regime where a0, γ ≫ 1, such that quantum
effects play a role, but have χe ≲ 1, so that pair production
can be neglected. In the limit a0 ≫ 1 the size of the
radiation formation region is of the order λ=a0 ≪ λ, where
λ ¼ 2π=ω is the laser wavelength [31]. Thus the laser varies
on a scale much larger than the formation region and so can
be approximated as locally constant and crossed, allowing
us to determine the probability of photon emission using
the differential rate [31]
dΓ ¼ αmﬃﬃﬃ
3
p
πγχe

1 − ηþ 1
1 − η

K2=3ð~χÞ
−
Z
∞
~χ
dxK1=3ðxÞ

dχγ; (4)
where Kν is the modified Bessel function of order ν,
η≡ χγ=χe, ~χ ≡ 2η=½3χeð1 − ηÞ, and we have introduced
the analogous invariant parameter χγ ≡
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðFμνκνÞ2
p
=m2 for
the emitted photon with momentum κν. Note that although
dΓ diverges at small χγ , the total differential probability of
photon emission (i.e., of any χγ), dW ¼ Γdt, where
Γ≡ R χe0 dΓ, is finite (see also [37]).
In general the electron will radiate multiple times as it
interacts with the laser field. At high-intensity, multi-
photon emission amplitudes are dominated by multiple,
incoherent single-photon emissions [32], each described by
Eq. (4). The description of the interaction in terms of the
invariants χe and χγ is then particularly instructive because
the conservation law χe0 ¼ χe − χγ holds, where χe, χe0 are
the initial and final electron invariants, respectively [31].
We have developed the single-particle code SIMLA [38]
that calculates the trajectory of an electron undergoing
Compton scattering in an arbitrary background field.
Briefly, the code implements a classical particle pusher
that propagates electrons through the field via the Lorentz
(or LL) equation over discrete spatial and temporal grids.
The emission process is implemented via statistical routines
similar to those in a number of recently developed particle-
in-cell codes for the modeling of QED cascades (see, e.g.,
[7,9,10]). (Similar theory and methods are employed in
studies of high energy particle beams interacting with
crystals [28–30].) At each time step a uniform random
number r ∈ ½0; 1 is generated, and emission deemed to
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occur if the condition r ≤ Γdt is satisfied, under the
requirement Γdt≪ 1. Similar event generators have been
used in Refs. [10,39]. Note that during the simulation dΓ
(and thus Γ) is a time-dependent quantity owing to the
effect of the temporally varying laser pulse and electron
motion. Given an emission event, the photon χγ is deter-
mined as the root of the sampling equation
ζ ¼ ΓðtÞ−1 R χγ0 dΓðtÞ, where ζ is a uniform random number
ζ ∈ ½0; 1 [40]. Next, we calculate the photon momentum
from χγ assuming that the emission is in the direction of
motion of the electron. This is valid for γ ≫ 1, since in
reality the emissions will be in a cone of width γ−1 [13,41].
Finally, the electron momentum is updated and the simu-
lation continues by propagating the particle via the Lorentz
equation to the next time step.
Dynamics of a quantum electron.—Despite the discrete
nature of emission, the dynamics in the quantum case can
be described in a similar manner to the classical one.
Specifically, we assume once again that the particle enters
the field with momentum p0 at ϕ ¼ ϕ0. It then propagates
forward according to the Lorentz force until it emits a
photon of momentum κ1 when ϕ ¼ ϕ1, leaving it with
momentum pðϕÞ ¼ pðϕ1Þ − κ1. This process continues
through the subsequent emissions of n photons giving
the equation of motion
pQED ¼ p0 þma0Iϵ −
Xn
i¼1
θðϕiÞκi
þ a0k
Xn
i¼0
Ω−1i Ii

ϵ · pi þ
1
2
ma0Ii

; (5)
where θðϕÞ is the Heaviside function and IiðϕÞ≡R ϕiþ1
ϕi
dϕ0θðϕÞfðϕ0Þ. If we consider just the transverse
motion we find
pQED;⊥ ¼ p0;⊥ þma0I −
Xn
i¼1
θðϕiÞκi;⊥; (6)
where again I ¼ 0 if taken over the entirety of the field.
Thus the (quantum) corrections to the transverse momen-
tum come solely from the recoil of the emitted photons. The
stochastic nature of these emissions means that the electron
will perform a random walk in transverse momentum
space. The result is that a particle can gain transverse
momentum, unlike in the classical case where, for a plane
wave field, it can only lose it. Another point of note is that
the frequency Ω also now changes discretely rather than
continuously. Therefore a particle will initially see a laser of
frequency Ω0 ¼ k · u0; this quantity will be conserved
(as is consistent with the Lorentz force dynamics) until
the first emission, after which it will see a frequency of
Ω1 ¼ k · ðp0 − κ1Þ=m, etc. However, since an experiment
would likely consist of many electrons radiating at different
times, one would expect this signal to be ‘washed out’ in
any observed spectra. In terms of understanding the particle
dynamics, the effect of the discretely changing frequency in
Eq. (5) is that the longitudinal momentum is dependent not
just on the photon momentum, but also on the value of the
phase when the photon is emitted. Thus in contrast to the
transverse motion, the impact of discrete photon emissions
on the longitudinal motion is somewhat obscured, although
a recent work [26] has shown that there will be a
longitudinal spreading of an electron bunch in a laser field
(see also [12,27]).
In Fig. 1 we compare the QED simulation results with
the solution of the classical LL equation, for head-on
collisions of electrons of initial energy 102.2MeV
(γ ¼ 200) with a linearly polarized plane wave with a
Gaussian time envelope of 30 fs FWHM, and of
peak intensity a0 ¼ 150 (9.5 × 1022 Wcm−2). For these
parameters χe ≲ 0.1. As discussed, the LL electrons radiate
continuously and, although they oscillate in the field, they
return to the field axis x ¼ 0 after the collision. Figure 1(a)
shows that, in contrast, the QED electrons can acquire
significant final transverse momentum. In fact, we find that
for 2500 simulated collisions the distribution in the final
‘opening’ angle θ≡ arctanðx=zÞ is well described by a
Gaussian of FWHM ¼ 29.8 degrees. Figure 1(b) shows the
energy of the electrons with collision time. The discrete
reductions in the energy of the quantum electrons are
evident. The LL result is mainly contained within those of
the QED electrons, falling to the lower end of the energy
range at the end of the interaction. (This is to be expected
since the classical formula allows for the emission of
photons with energy greater than the electron energy [32].)
Realistic setup.—To investigate whether these features
are detectable experimentally, we now consider a more
realistic setup. A typical source of electrons in such
experiments is from a linear accelerator, e.g., the ELBE
accelerator at the Forschungszentrum Dresden-Rossendorf
in Germany [42]. We assume that the high-charge mode
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FIG. 1 (color online). Simulation results for electrons with
initial energy of 102.2MeV (γ ¼ 200) colliding head-on with a
30 fs FWHM Gaussian plane-wave field of intensity a0 ¼ 150
and wavelength λ ¼ 0.8 μm propagating in the positive z
direction. LL [Eq. (1)], red lines; sample of five QED (simulated)
electrons, blue lines: (a) trajectories; (b) energies of electrons in
(a). The electrons are timed such that they would enter the peak of
the pulse at t ¼ z ¼ 0, were they not affected by the field.
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beam is accelerated to γ ¼ 500 and the normalized trans-
verse emittance of 2.5 mm mrad is preserved. The beam is
then focused to 2.5 μm diameter FWHM at the interaction
point. Even taking into account the space-charge effects the
beam divergence is still much smaller than the angular
spread after laser-beam interaction, so for simplicity we
assume a parallel incoming beam in the simulation. We
further assume the beam to be of high quality with a small
energy spread (Δγ=γ0 ¼ 10−3 is feasible with the afore-
mentioned facility [43].) For our laser field we use a paraxial
Gaussian beam defined to fifth order in the expansion
parameter [44], with a wavelength of 800 nm and beam
waist w ¼ 10 μm. This corresponds roughly to what is
expected to be achievable at the future facilities referred to in
the introduction. Finally, the electron beam is assumed to
collide with the laser pulse at an angle of 10 degrees.
For these parameters χe ≲ 0.3.
In Fig. 2 we show the trajectories of a random sample of
20 electrons for both the classical and QED cases. It is
known that for a realistic field such as ours, the combina-
tion of finite size effects and classical RR will also cause a
certain amount of spreading of the electron beam [45].
However, it is clear from the plots that these effects are not
enough to mask the QED-induced transverse spread pre-
dicted from the plane-wave analysis. Indeed, the quantum
simulation is markedly different from its classical counter-
part. To investigate further, we consider the statistics of a
bunch of 1000 electrons following the same initial dis-
tribution as before. The final opening angles and energies
are shown in Fig. 3. It can be seen that the stochastic nature
of the quantum photon emissions causes the angular spread
of the electrons to increase by roughly a factor of two. This
distinctive broad QED “shoulder” should be experimen-
tally detectable. Finally, Fig. 3(b) shows that again, the
QED electrons experience a broadening in their energy
distributions, consistent with [12,26]. (Note that in both
cases, the particles that glance off the fringes of the pulse
can experience a net gain in energy (see, e.g., [44]). Finally,
in Fig. 3(c) and (d) we show the properties of the emitted
photons for the QED simulation. It can be seen that, as
expected, the majority of the photons are emitted roughly in
the direction of the electron beam axis. The photon energies
follow a synchrotron-like spectral distribution [13], with a
peak around 0.02 MeV. For highly relativistic particles in
intense fields the calculation of the classical spectrum is
computationally expensive [46], and is beyond the scope of
the paper. However, it is possible to make a qualitative
comparison with the classical spectra. We find that the
energy of the classical electron drops to ∼50 MeV by the
time the particles reach the most intense part of the field,
where most emissions will occur. In the classical case the
intensity of the emitted radiation rapidly decreases [47]
after the critical harmonic n ∼ 3a30=4, with frequency
ωn ¼ 4γ2nω=ð1þ a20=2Þ (see, e.g., [41]). In our case,
ωcrit ¼ 13.9 MeV, which is consistent with the falloff in
the QED spectrum shown in Fig. 3(d).
Conclusions and outlook.—We have studied the dynam-
ics of an electron in a high-intensity laser field. Using a
plane-wave test model we first showed formally that when a
particle emits discretely it takes a random walk in transverse
momentum space, and can thus gain, as well as lose,
transverse momentum. This is in contrast to the classical
case where, in a plane-wave field, a radiating particle can
only experience a net loss of transverse momentum. Finally,
we performed a numerical study of a beam of electrons
interacting with a paraxial beammodel of a laser and showed
that the effect is also clearly exhibited in this more realistic
setup. The results show that the electron dynamics alone
should provide a measurable signature of QED at intensities
only marginally higher than currently available.
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FIG. 2 (color online). Sample of 20 simulated electron trajec-
tories in a paraxial Gaussian laser beam of intensity a0 ¼ 150
(9.5 × 1022 Wcm−2), wavelength of 800 nm, waist radius of
10 μm and duration 35 fs (dashed line shows laser profile). Initial
electron energies distributed around 255 MeV (γ0 ¼ 500) ac-
cording to a Gaussian of FWHM 0.52 MeV. Electrons incident at
10 degree angle. (a) classical (LL); (b) QED electrons.
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FIG. 3 (color online). Simulation results for a bunch of 1000
electrons initially spatially distributed according to a Gaussian of
2.5 μm FWHM and satisfying an initial energy distribution
centred around 255 MeV (γ0 ¼ 500) according to a Gaussian
of FWHM 0.52 MeV. Laser parameters as Fig. 2. Upper panels:
(a) final electron opening angles θ≡ arctanðx=zÞ, (b) final
electron energies. (Thin, red lines: classical (LL); thick, blue
lines: QED). Lower panels: (c) opening angles and (d) energies of
the emitted photons for the QED simulation.
PRL 112, 164801 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending
25 APRIL 2014
164801-4
We thank Michael Geissler, Thomas Grismayer, Tom
Heinzl, Anton Ilderton, Constantin Klier, and Matt Zepf
for useful discussions. The authors were funded by the
EPSRC, UK and both contributed equally to this work.
*Present address: Joint Quantum Centre (JQC) Newcastle/
Durham, Department of Chemistry, Durham University,
DH1 3LE, United Kingdom.
dermot.green@balliol.oxon.org
†christopher.harvey@qub.ac.uk
[1] V. Yanovsky et al., Opt. Express 16, 2109 (2008).
[2] The Vulcan 10 PetaWatt Project http://www.clf.stfc.ac.uk/
New+Initiatives/14764.aspx.
[3] The Extreme Light Infrastructure (ELI) Project http://www
.eli‑laser.eu/.
[4] The ExaWatt Center for Extreme Light Studies (XCELS)
http://www.xcels.iapras.ru.
[5] A. Di Piazza, C. Müller, K. Z. Hatsagortsyan, and
C. H. Keitel, Rev. Mod. Phys. 84, 1177 (2012).
[6] T. Heinzl and A. Ilderton, Eur. Phys. J. D 55, 359 (2009).
[7] A. R.Bell and J. G.Kirk, Phys. Rev. Lett. 101, 200403 (2008).
[8] C. P. Ridgers, C. S. Brady, R. Duclous, J. G. Kirk, K. Bennett,
T. D. Arber, A. P. L. Robinson, and A. R. Bell, Phys. Rev.
Lett. 108, 165006 (2012).
[9] I. V. Sokolov, N.M. Naumova, J. A. Nees, and G. A.Mourou,
Phys. Rev. Lett. 105, 195005 (2010).
[10] N. V. Elkina, A. M. Fedotov, I. Y. Kostyukov, M. V. Legkov,
N. B. Narozhny, E. N. Nerush, and H. Ruhl, Phys. Rev. ST
Accel. Beams 14, 054401 (2011).
[11] A. Ilderton andG.Torgrimsson, Phys. Lett. B 725, 481 (2013).
[12] A. G. R. Thomas, C. P. Ridgers, S. S. Bulanov, B. J. Griffin,
and S. P. D. Mangles, Phys. Rev. X 2, 041004 (2012).
[13] J. D. Jackson, Classical Electrodynamics (John Wiley and
Sons, New York, 1999).
[14] A. I. Akhiezer and V. B. Berestetskii, Quantum Electrody-
namics (Interscience, New York, 1965).
[15] W. Heitler, The Quantum Theory of Radiation (Clarendon,
Oxford, 1954), 3rd ed.
[16] V. B. Berestetskii, E. M. Lifshitz, and L. P. Pitaevskii,
Quantum Electrodynamics, Course of Theoretical Physics
Vol. 4 (Pergamon, Oxford, 1982), 2nd ed.
[17] H. A. Lorentz, The Theory of Electrons (Teubner, Leipzig,
1905); reprinted by (Dover Publications, New York, 1952)
and (Cosimo, New York, 2007).
[18] M. Abraham, Theorie der Elektrizität (Teubner, Leipzig,
1905).
[19] P. A. M. Dirac, Proc. R. Soc. A 167, 148 (1938).
[20] L. D. Landau and E. M. Lifshitz, The Classical Theory of
Fields, Course of Theoretical Physics, Vol. 2 (Butterworth-
Heinemann, Oxford, 1987); A. Ilderton and G. Torgrimsson,
Phys. Rev. D 88, 025021 (2013).
[21] V. S. Krivitski and V. N. Tsytovich, Sov. Phys. Usp. 34, 250
(1991).
[22] R. F. O’Connell, Contemp. Phys. 53, 301 (2012).
[23] I. V. Sokolov, N. M. Naumova, J. A. Nees, G. A. Mourou,
and V. P. Yanovsky, Phys. Plasmas 16, 093115 (2009).
[24] R. T. Hammond, Electron. J. Theor. Phys. 7, 221 (2010).
[25] I. V. Sokolov, J. A. Nees, V. P. Yanovsky, N. M. Naumova,
and G. A. Mourou, Phys. Rev. E 81, 036412 (2010).
[26] N. Neitz and A. Di Piazza, Phys. Rev. Lett. 111, 054802
(2013).
[27] S. S. Bulanov, C. B. Schroeder, E. Esarey, andW. P. Leemans,
Phys. Rev. A 87, 062110 (2013).
[28] K. Kirsebom, U. Mikkelsen, E. Uggerhj, K. Elsener,
S. Ballestrero, P. Sona, S. Connell, J. Sellschop, and
Z. Vilakazi, Nucl. Instrum. Methods Phys. Res., Sect. B
174, 274 (2001).
[29] M. Khokonov, J. Exp. Theor. Phys. 99, 690 (2004).
[30] M. K. Khokonov and H. Nitta, Phys. Rev. Lett. 89, 094801
(2002).
[31] V. Ritus, J. Sov. Laser Res. 6, 497 (1985).
[32] A. Di Piazza, K. Z. Hatsagortsyan, and C. H. Keitel, Phys.
Rev. Lett. 105, 220403 (2010).
[33] A. Piazza, Lett. Math. Phys. 83, 305 (2008).
[34] C. Harvey, T. Heinzl, and M. Marklund, Phys. Rev. D 84,
116005 (2011).
[35] M. Tamburini, C. H. Keitel, and A. Di Piazza, Phys. Rev. E
89, 021201(R) (2014).
[36] F. Sauter, Z. Phys. 69, 742 (1931); W. Heisenberg and
H. Euler, Z. Phys. 98, 714 (1936); J. Schwinger, Phys. Rev.
82, 664 (1951).
[37] A. Ilderton and G. Torgrimsson, Phys. Rev. D 87, 085040
(2013).
[38] Further details of SIMLA can be requested from the authors.
[39] R. Duclous, J. G. Kirk, and A. R. Bell, Plasma Phys.
Controlled Fusion 53, 015009 (2011).
[40] In practice, the integral is performed from a lower limit
ε ∼ 10−5, rather than zero. The emission of soft photons of
energy below this cut off does not appreciably affect the
electron dynamics (see, e.g., Ref. Duclous).
[41] C. Harvey, T. Heinzl, and A. Ilderton, Phys. Rev. A 79,
063407 (2009).
[42] A. Arnold et al., Nucl. Instrum. Methods Phys. Res., Sect. A
593, 57 (2008).
[43] T. Heinzl, D. Seipt, and B. Kämpfer, Phys. Rev. A 81,
022125 (2010).
[44] Y. I. Salamin, G. R. Mocken, and C. H. Keitel, Phys. Rev.
ST Accel. Beams 5, 101301 (2002).
[45] C. Harvey and M. Marklund, Phys. Rev. A 85, 013412
(2012).
[46] B. Reville and J. G. Kirk, Astrophys. J. 724, 1283 (2010).
[47] E. Esarey, S. K. Ride, and P. Sprangle, Phys. Rev. E 48,
3003 (1993).
PRL 112, 164801 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending
25 APRIL 2014
164801-5
